On the Construction of the Finite Simple Groups with a Given Centralizer of a 2-Central Involution  by Michler, Gerhard O.
Journal of Algebra 234, 668–693 (2000)
doi:10.1006/jabr.2000.8549, available online at http://www.idealibrary.com on
On the Construction of the Finite Simple Groups with
a Given Centralizer of a 2-Central Involution
Gerhard O. Michler
Institut fu¨r Experimentelle Mathematik, Universita¨t GH Essen,
Ellernstrasse 29, D-45326 Essen, Germany
Communicated by Gernot Stroth
Received April 19, 2000
dedicated to helmut wielandt on
the occasion of his 90th birthday
Let H be a ﬁnite group having center ZH of even order. By the classical
Brauer–Fowler theorem there can be only ﬁnitely many non-isomorphic simple
groups G which contain a 2-central involution t for which CGt ∼= H. In this arti-
cle we give a deterministic algorithm constructing from the given group H all the
ﬁnitely many simple groups G having an irreducible p-modular representation M
over some ﬁnite ﬁeld F of odd characteristic p > 0 with multiplicity-free semisimple
restriction MH to H, if H satisﬁes certain natural conditions. As an application we
obtain a uniform construction method for all the sporadic simple groups G not iso-
morphic to the smallest Mathieu groupM11. Furthermore, it provides a permutation
representation, and the character table of G. © 2000 Academic Press
1. INTRODUCTION
Throughout this article H denotes a ﬁnite group with center ZH of
even order. Although the classical Brauer–Fowler theorem asserts that
there are only ﬁnitely many non-isomorphic simple groups G which pos-
sess a 2-central involution t such that CGt ∼= H, it does not provide an
algorithm for the construction of all these simple groups G.
In this article we give a deterministic algorithm for the construction of
all the ﬁnite simple groups G having a 2-central involution t = 1 with the
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following properties:
(1) There exists an isomorphism τ CGt −→ H.
(2) There is some elementary abelian normal subgroup A of a ﬁxed
Sylow 2-subgroup S of H of maximal order A ≥ 4 such that
G = CGtN = NGτ−1A
(3) For some prime p < H2 − 1 not dividing HN the group
G has an irreducible p-modular representation M with multiplicity-free
restriction MH .
In order to construct these simple groups G from the given group H we
introduce the following concepts and notations.
Deﬁnition 1.1. LetH be a ﬁnite group with center ZH containing an
involution z = 1. Let S be a ﬁxed Sylow 2-subgroup of H. Then z ∈ ZS.
Let  be the set of all elementary abelian normal subgroups A of S of
maximal orders A ≥ 4 such that D = NHA < H.
Let A ∈  be ﬁxed, let A = 2d, let C = CHA, and let D = NHA.
Then z ∈ A, and A may be considered as a d-dimensional vector space
over GF(2) with d ≥ 2. With respect to a ﬁxed basis a1 a2     ad of A
the conjugation action of D on A induces a group homomorphism
η D −→ GLd2
with kernel C. Let  = ηD ≤ GLd2.
Let A be the set of all subgroups  of the general linear group
GLd2 with the following properties:
(1)  = ϕ ∈   zϕ = z ∈ A < .
(2)    is odd.
(3) There is a group extension
1 −→ C κ−→ E λ−→  −→ 1
and an embedding
µ D −→ E
such that the following diagram
1−−−−→C κ−−−−→E λ−−−−→−−−−→ 1id µ id
1−−−−→C id−−−−→D η−−−−→ −−−−→ 1
is commutative.
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Any extension 1 −→ C κ−→ E λ−→  −→ 1 of the group  ∈ A by
C satisfying conditions (1), (2) and (3) is called an admissible extension of
the given group extension
1 −→ C −→ D η−→  −→ 1
In Theorem 2.3 we show that any admissible extension 1 → C → E →
 → 1 of a group  ∈ A is uniquely determined by 1 → C → D →
→ 1, if the center ZC of C is a 2-group. In this case, the free product
H ∗D E of H and E with amalgamated subgroup D is uniquely determined
by H and  ∈ A.
In order to construct from H all ﬁnite simple groups G having properties
(1), (2), and (3) stated above, we classify in Section 3 all ﬁnite dimensional
irreducible p-modular representations M of the free product H ∗D E of H
and E with amalgamated subgroup D with multiplicity-free restriction MH ,
where the prime p is assumed to be coprime to HE. In Proposition 3.5
we show that such an irreducible p-modular representation over a splitting
ﬁeld F of characteristic p > 0 corresponds uniquely to a compatible pair
νω consisting of a faithful multiplicity-free ordinary character ν of H
and a faithful ordinary character ω of E such that νD = ωD. The com-
mon degree n = ν1 = ω1 is called the degree of the compatible pair
νω. The set ! of all these compatible pairs νω is ﬁnite and com-
pletely determined by the character tables of H, E, and D and the fusion
of the conjucacy classes of D in H and E, respectively.
In Theorem 3.7 it is then shown that there are only ﬁnitely many ﬁnite
simple groups G which are an epimorphic image κH ∗D E of H ∗D E such
thatG has an irreducible p-modular representationM with multiplicity-free
restriction MH , and CGt ∼= H for some 2-central involution t of G.
In fact, Theorem 3.7 gives a characterization of all ﬁnite simple groups G
satisfying conditions (1), (2), and (3) stated in the beginning.
In Section 4 it is used to give a deterministic algorithm for the construc-
tion of all these ﬁnite groups G from a given group H; see Algorithm 4.6.
It constructs from the irreducible representation M of G = κH ∗D E with
multiplicity-free restriction MH a permuation representation 1HG of G
with stabilizer H, a strong base and generating set for the isomorphic per-
mutation group πG in Sm, where m = G  H, the group order of G,
and a concrete character table of G, i.e., a character table having represen-
tatives gj of all the conjugacy classes Kj = gjG, 1 ≤ j ≤ kG, which are
words gj = wjx1 x2     xn in the generating matrices x1 x2     xn of
G = κH ∗D E. In particular, it can be decided which of the ﬁnitely many
ﬁnite groups G = κH ∗D E are simple and have a 2-central involution t
satisfying CGt ∼= H.
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In [15] Kratzer and the author applied all steps of Algorithm 4.6 in order
to give a short and natural existence proof for Janko’s sporadic simple
group J1. In Section 4 also two examples of ﬁnite groups H are given
where Algorithm 4.6 has been used to construct several non-isomorphic
simple groups G having a 2-central involution t with CGt ∼= H. In the
ﬁrst Example 4.8 due to Kratzer [16] H = 21+4  A5, and G ∈ J2 J3,
where J2 and J3 are the two sporadic simple groups of Janko [13]. In the
second example 4.9 H = 26  S5, and G ∈ Sp62A12.
In Table III of Section 5 we show that the hypothesis of Theorem 2.3
and Theorem 3.7 are satisﬁed by all sporadic simple groups G except for
the smallest Mathieu group M11. It has a semidihedral Sylow 2-subgroup S
of order 16, and therefore S does not have an elementary abelian normal
subgroup A of order A ≥ 4. In particular, the deterministic Algorithm 4.6
provides a uniform and practicable method for the existence proofs of all
other 25 sporadic simple groups G. With present computer technology, only
the permutation representation of the Monster G cannot be realized.
Concerning notation and terminology we refer to the books by Butler [2],
Feit [6], Huppert [11], Isaacs [12], and the Atlas [3].
2. FROM A CENTRALIZER OF AN INVOLUTION TO
FREE PRODUCTS WITH AN AMALGAMATED SUBGROUP
In this section we show that each ﬁnite simple group G satisfying all
three conditions (1), (2), and (3) stated in the Introduction is an epimor-
phic image of some free product H ∗DA E with amalgamated subgroup
DA, where E belongs to a ﬁnite set of well-determined group extensions
described in Deﬁnition 1.1.
Proposition 2.1. Let G be a ﬁnite simple group. Let t = 1 be a 2-central
involution of the ﬁxed Sylow 2-subgroup S of H = CGt.
Suppose that A is an elementary abelian normal subgroup of S of maximal
order A = 2d ≥ 4 such that G is generated by H and N = NGA.
Let D = NHA, and let η D −→ GLd2 be deﬁned by the conjugation
action of D on A with respect to a ﬁxed basis of the GF(2)-vector space A.
Let  = ηD.
Then η has an extension ηˆ N −→ GLd2 with kernel kerηˆ = C =
CHA D such that the subgroup  = ηˆN of GLd2 has the following
properties:
(1)  = ϕ ∈   tϕ = t ∈ A < .
(2) 2    .
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(3) The diagram
1−−−−→C−−−−→N ηˆ−−−−→−−−−→ 1id id id
1−−−−→C−−−−→D η−−−−→ −−−−→ 1
is commutative.
In particular, A is a normal subgroup of N , D = NHA = CNt, and
G is an epimorphic image of the free product H ∗D N with amalgamated
subgroup D.
Proof. As G = N , G = H, and G = HN we have
D = H ∩N < H and D < N
Furthermore, C = CHA = CDA = CGA  D. By deﬁnition of the
homomorphisms η and ηˆ we know that
 = ηD ∼= D/C < N/C ∼= ηˆN = 
If ϕ ∈  satisﬁes tϕ = t, then there is an n ∈ N such that ϕ = ηˆn and
tn = t. Thus, n ∈ N ∩ CGt = D. The converse inclusion  ≤ ϕ ∈  
tϕ = t ∈ A is trivial. Thus (1) holds.
As A  S ∈ Syl2H, the group N/C ∼=  has odd order, and (2) holds.
Assertion (3) holds trivially. So do the remaining statements.
Lemma 2.2. Let H be a ﬁnite group with center ZH containing an invo-
lution z = 1. Let A be a maximal elementary abelian normal subgroup of a
ﬁxed Sylow 2-subgroup S of H such that D = NHA < H. Let A = 2d ≥ 4,
and let ZC be the center of C = CHA.
Suppose that there is a group extension
1 −→ C κ−→ E λ−→  −→ 1
where  ∈  is a subgroup of GLd2 deﬁned in Deﬁnition 1.1. Then the
following assertions hold:
(a) The number of inequivalent group extensions
1 −→ C κ˜−→ E˜ λ˜−→  −→ 1
equals the order of the ﬁnite group H2ZC.
(b) If the center ZC of C is a 2-group, then
1 −→ C κ−→ E λ−→  −→ 1
is the unique admissible group extension with embedding µ D −→ E of
1 −→ C −→ D η−→  −→ 1
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Proof. Assertion (a) follows from Theorem 8.8 of MacLane [19, p. 128].
(b) Suppose that the center ZC = B of C is a 2-group. Let
1 −→ C κ−→ E λ−→  −→ 1 ∗∗
be any admissible extension of the group extension
1 −→ C id−→ D η−→  −→ 1 ∗
with embedding µ D −→ E. Then by Theorem 8.8 of MacLane [19, p. 128]
the group extension ∗ determines uniquely a group extension
1 −→ B∗ id−→ U∗ σ
∗
−→ ∗ −→ 1 ∗ ∗ ∗
where ∗ ∼= , B∗ is a normal subgroup of U∗, with B∗ ∼= B and σ∗ is the
residue class map. Furthermore, by the above reference for any admissible
extension ∗∗ there is an overgroup V E of U∗ such that B∗ is also normal
in V E, V E/B∗ = ∗ ∼= , and the following diagram
1−−−−→B∗ id−−−−→V E τ
∗
−−−−→∗ −−−−→ 1id id id
1−−−−→B∗ id−−−−→ U∗ σ
∗
−−−−→ ∗ id−−−−→ 1
is commutative.
As B∗ is an abelian normal subgroup of V E Theorem 17.2 of
Huppert [11, p. 120] asserts that for each transversal vϕ  ϕ ∈ ∗ of B∗
in V E there is a 2-cocycle c ∈ Z2∗ B∗ such that
vϕ1vϕ2 = vϕ1ϕ2cϕ1 ϕ2
and the element cB2∗ B∗ ∈ H2B∗ is uniquely determined by the
extension
1 −→ B∗ id−→ V E τ
∗
−→ ∗ −→ 1
In particular, it is independent of the choice of the transversal vϕ  ϕ ∈
∗.
Let r2 H2∗ B∗ → H2∗ B∗ be the restriction map, and let
j2 H2∗ B∗ → H2∗ B∗
be the corestriction map. Let c ∈ H2∗ B∗ be the correspondent of the
extension V E of ∗ by B∗. Then r2c ∈ H2∗ B∗ corresponds uniquely
to the group extension ∗ ∗ ∗ by another application of Theorem 17.2 of
Huppert [11, p. 120].
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Since k = V E  U∗ = ∗  ∗ =    is ﬁnite Theorem 16.18 of
Huppert [11, p. 115] asserts that
j2r2c = kc
As B = ZC is a 2-group Theorem 16.9 of Huppert [11, p. 117] implies
that H2∗ B∗ = 2t for some integer t > 0. By hypothesis k =    is
odd. Hence there is some integer y such that
ky = 1 mod H2∗ B∗
Thus c = yj2r2c ∈ H2∗ B∗ is uniquely determined by the extension
∗ ∗ ∗. Another application of Theorem 8.8 of MacLane [19, p. 128] now
completes the proof.
The hypothesis of the following result is satisﬁed by the centralizer of
some involution of any sporadic simple group G ∼= M11 as is shown in
Table III of the last section.
Theorem 2.3. Let H be a ﬁnite group with center ZH containing an
involution z = 1. Let S be a ﬁxed Sylow 2-subgroup of H. Suppose that S
has a maximal elementary abelian normal subgroup A of order A = 2d ≥ 4
satisfying:
(1) D = NHA < H.
(2) The center ZC of C = CHA is a 2-group.
(3) A =  ≤ GLd2 satisﬁes conditions (1), (2), and (3) of
Deﬁnition 1.1 is not empty.
Then the extension group E of the admissible extension
1 −→ C κ−→ E λ−→  −→ 1
of 1 −→ C −→ D η−→  −→ 1 is uniquely determined by  ∈ A and the
embedding µ D −→ E up to isomorphism.
In particular, the free product H ∗D E of H and E with amalgamated
subgroup D is uniquely determined by H,  ∈ A, and the embedding
µ D −→ E.
Proof. This follows from Deﬁnition 1.1 and Lemma 2.2 (b).
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3. CONSTRUCTION OF IRREDUCIBLE
MODULAR REPRESENTATIONS
Throughout this section H is assumed to be a ﬁnite group with a ﬁxed
central involution 1 = z ∈ ZH contained in a ﬁxed Sylow 2-subgroup S of
H. Furthermore,A denotes a maximal elementary abelian normal subgroup
A of S with order A = 2d, such that D = NHA < H.
Let η D → GLd2 be the group homomorphism of D deﬁned by the
conjugate action of D on A. It has kernel C = CHA. Let  = ηD ≤
GLd2 be its image. Furthermore, it is assumed that the set A of
all subgroups  of GLd2 satisfying conditions (1), (2), and (3) of Def-
inition 1.1 it not empty. Thus there are group extensions such that the
diagram
1−−−−→C κ−−−−→E λ−−−−→−−−−→ 1id µ id
1−−−−→C id−−−−→D η−−−−→ −−−−→ 1
is commutative, where µ D→ E is a well-determined monomorphism.
Hence we may assume that D is a common subgroup of H and E. In
this section we determine the smallest nontrivial dimension n such that the
free product H ∗D E with amalgamated subgroup D has an n-dimensional
irreducible p-modular representation
ρ H ∗D E −→ GLnF
over some ﬁnite ﬁeld F of characteristic p > 0 not dividing D such that
G = ρH ∗D E = ρH ρE ≤ GLnF
has a 2-central involution t with centralizer CGt ∼= H, and ρ restricted to
H is semisimple multiplicity free.
Deﬁnition 3.1. Let H, E be a pair of ﬁnite groups having subgroups
D ≤ H and DE ≤ E such that there is a group isomorphism
τ DE −→ D
Let F be a ﬁnite ﬁeld of characteristic p > 0 not dividing HE. Let V be
a ﬁnitely generated faithful FH-module.
A faithful FE-module W is called compatible with V , if the isomorphism
τ DE → D induces an FD-module isomorphism
π  WDE −→ VD
between the restrictions WDE and VD. In particular, dimFW = dimFV =
n, say.
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Let ρ H → GLnF and let ρE E → GLnF be the faithful group rep-
resentations of H and E afforded by V and W , respectively. Identify H and
E with their isomorphic images ρH and ρEE in GLnF, respectively.
Then the isomorphism τ DE → D determines a transformation matrix
T ∈ GLnF such that
D = T−1DET = H ∩ T−1ET ≤ GLnF
Therefore, the canonical n-dimensional F-vector space Fn yields an n-
dimensional FH ∗D E-module of the free product H ∗D E of H and E
with common subgroup D.
With this notation we can restate Thompson’s theorem [23, p. 148]
describing the isormorphism classes of the n-dimensional FH ∗D E-
modules.
Proposition 3.2. Let H, E be a pair of subgroups of GLnF intersecting
in D, where F is a ﬁnite ﬁeld of characteristic p > 0 not dividing HE.
Suppose that F is a splitting ﬁeld for H, E and their subgroups. Then:
(a) For each n-dimensional FH ∗D E-module M the restrictions MH
and ME form a compatible pair of FH- and FE-modules, respectively.
(b) Let VW  be a pair of compatible FH- and FE-modules of dimen-
sion n. Then the setVW  of isomorphism classes of n-dimensional FH ∗D
E-modules M with MH ∼= V and ME ∼= W is in one-to-one correspon-
dence with the CGLnFH − CGLnFE double cosets of the centralizer of
CGLnFD, i.e., if
CGLnFD =
t⋃
i=1
CGLnFHTiCGLnFE
is a double coset decomposition with representatives Ti ∈ GLnF for 1 ≤ i ≤
t, then there is a unique T ∈ Ti  1 ≤ i ≤ t such that the image κMH ∗D E
of H ∗D E under the representation κM afforded by M is given by
κMH ∗D E = HT−1ET  ≤ GLnF and D = H ∩ T−1ET
By Proposition 3.2 each p-modular irreducible representation M of
FH ∗D E of dimension dimFM = n determines a compatible pair VW 
of faithful FH- and FE-modules with dimFV = dimFW = n. In order to
ﬁnd a ﬁnite set  of integers n which are candidates for the dimension
dimFM of an irreducible FH ∗D E-module M we consider the ﬁnite set
 of all compatible pairs VW  of faithful FH- and FE-modules in which
V is multiplicity-free, i.e., the semisimple FH-module V does not have
repeated composition factors.
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Lemma 3.3. Let G be a ﬁnite simple group. Let t = 1 be a 2-central invo-
lution of the ﬁxed Sylow 2-subgroup S of H = CGt. Suppose that there is an
elementary abelian normal subgroup A of S of maximal order with normal-
izer N = NGA such that G = HN. Let the ﬁnite ﬁeld F of characteristic
p > 0 not dividing HN be a splitting ﬁeld for H, N , and D = H ∩N .
Suppose that n is the smallest integer satisfying the following two properties:
(a) There is a faithful multiplicity-free n-dimensional FH-module V
which is compatible with some faithful FN-module W .
(b) Identifying H and N with their isomorphic images in GLnF under
their representations afforded by V and W , respectively, and letting
CGLnFD =
t⋃
i=1
CGLnFHTiCGLnFN
be a double coset decomposition of the centralizer CGLnFD of D in GLnF
with respect to its subgroups CGLnFH and CGLnFN, there is at least one
double coset representative T ∈ Ti  1 ≤ i ≤ t such that
G ∼= HT−1NT  ≤ GLnF and D = H ∩ T−1NT
Then G has an n-dimensional irreducible FG-module M with multiplicity-free
restriction MH ∼= V .
Proof. By Proposition 2.1 G is an epimorphic image of the free prod-
uct H ∗D N of H and N with amalgamated subgroup D. Hence each n-
dimensional FG-module M is an n-dimensional FH ∗D N-module. By
Proposition 3.2 the compatible pair VW  of faithful FH- and FN-modules
V and W given in (a) and the double coset representative T ∈ Ti  1 ≤
i ≤ t describe a uniquely determined FH ∗D N-module M such that
G ∼= HT−1NT  ≤ GLnF and D = H ∩ T−1NT
Thus M is an n-dimensional FG-module with MH ∼= V . Hence MH is
multiplicity free by (a).
If M were not an irreducible FG-module, then there would be a proper
faithful FG-submodule M ′ = 0 of M . Thus V ′ =M ′H < MH ∼= V would be
a proper faithful FH-submodule of V which is compatible with the faithful
FN-module W ′ ∼= M ′N . Since p  H and V is multiplicity free, M ′H is
also multiplicity free. Let n1 = dimFM ′. As M ′ is an FH ∗D N-module,
Proposition 3.2 asserts that there is a double coset representative P of
CGLn1F
D =
s⋃
i=1
CGLn1 FHTiCGLn1 FN
such that G ∼= HP−1NP ≤ GLn1F and D = H ∩ P−1NP , where P ∈Ti  1 ≤ i ≤ s, and where H, N are identiﬁed with their isomorphic
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images under the faithful representations afforded by their faithful repre-
sentations V ′ and W ′, respectively. Thus, the integer n1 < n satisﬁes the
conditions (a) and (b). This contradiction to the hypothesis on n proves
that M is an irreducible n-dimensional FG-module.
Let H be a given group satisfying the hypothesis of Theorem 2.3. In
order to ﬁnd some ﬁnite groups G having a 2-central involution t = 1 with
CGt ∼= H, we now determine candidates for the minimal degrees n of
the irreducible p-modular representations of the ﬁnite epimorphic images
κH ∗D E of the free product H ∗D E of H and the group E constructed
Theorem 2.3 with amalgamated subgroup D, where p is a suitable prime
number not dividing HE.
Deﬁnition 3.4. Let H, E be a pair of ﬁnite groups such that D =
H ∩E. Let mf charH be the set of all faithful multiplicity-free characters
of H, and let f charE be the set of all faithful characters of E. Then
! = νω ∈ mf charH × f charE  νD = ωD
is called the set of compatible pairs of faithful characters of H and E.
For each νω ∈ ! the integer n = ν1 = ω1 is called the degree of
the compatible pair νω.
Proposition 3.5. LetH, E be a pair of ﬁnite groups such thatD = H ∩ E.
Let F be any ﬁnite ﬁeld of a ﬁxed characteristicp > 0 not dividing HE, which
is assumed to be a splitting ﬁeld forH,E andD.
Then there is a bijection between the ﬁnite set  of all compatible pairs
VW  of faithful multiplicity-free FH-modules V and faithful FE-modules
W and the set
! = νω ∈ mf charH × f charE  νD = ωD
of compatible pairs of faithful multiplicity-free faithful characters of H and
faithful characters of E.
In particular, the ﬁnite set  is computable from the complex character tables
of H, E, and D, and the fusion of the conjugacy classes of D in H, and the
ones of D in E.
Proof. It is a routine application of Maschke’s theorem and Frobenius’
reciprocity theorem. ! is ﬁnite, because each multiplicity-free character ν
of H has a degree ν1 which is bounded by sum of the degrees ψ1 of all
the irreducible characters ψ of H.
Lemma 3.6. Let G be a ﬁnite simple group having a 2-central involution
t = 1 such that CGt ∼= H, where H is a given ﬁnite group of even order.
Then each prime divisor p > 0 of G belongs to the ﬁnite set πH2 − 1 of
primes r < H2 − 1.
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Proof. Corollary 4.12 of Isaacs [12, p. 54] asserts that G is isomorphic
to a subgroup of the alternating group An, where n = H2 − 1.
Theorem 3.7. Let H be a ﬁnite group with center ZH containing an
involution z = 1. Suppose that some elementary abelian normal subgroup A
of a ﬁxed Sylow 2-subgroup S of H of maximal order A = 2d ≥ 4 satisﬁes
the following conditions:
(i) D = DA = NHA = H.
(ii) The center ZC of C = CHA is a 2-group.
Let G be a ﬁnite simple group having a 2-central involution t = 1 with cen-
tralizer H˜ = CGt ∼= H. Let A˜ be the pre-image of A under this isomorphism,
and let N˜ = NGA˜. Let p > 0 be a prime of the ﬁnite set of primes p <
H2 − 1 with p  H˜N˜, and let F be a ﬁnite splitting ﬁeld of characteristic p
for H˜ and N˜ .
Then the following conditions (1) and (2) are equivalent:
(1) G = H˜ N˜, and the group G has an irreducible p-modular
representation M with multiplicity-free restriction MH˜ .
(2)(a) The conjugate action of D on A induces a group homomor-
phism η D → GLd2 such that there is a subgroup  of GLd2 properly
containing ηD =  which is maximal with respect to satisfying the following
properties:
(a1)  = ϕ ∈   zϕ = z ∈ A < .
(a2)    is odd.
(a3) The group  has (up to isomorphism) a unique group extension
1 −→ C κ−→ E λ−→  −→ 1
for which there is an embedding µ D −→ E such that the following diagram
1−−−−→C κ−−−−→E λ−−−−→−−−−→ 1id µ id
1−−−−→C id−−−−→D η−−−−→ −−−−→ 1
commutes.
(b) There is an integer n satisfying the following conditions:
(b1) There is a compatible pair VW  of a multiplicity-free faithful FH-
module V and a faithful FE-module W of dimension n = dimFV = dimFW .
(b2) Identifying H and E with their isomorphic images in GLnF
under their representations afforded by V and W , respectively, and letting
CGLnFD =
t⋃
i=1
CGLnFHTiCGLnFE
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be a double coset decomposition of the centralizer CGLnFD of D in GLnF
with respect to its subgroups CGLnFH and CGLnFE, then there is a
unique representative T ∈ Ti  1 ≤ i ≤ t such that
G ∼= HT−1ET  ≤ GLnF D = H ∩ T−1ET and
N˜ ∼= T−1ET
In particular, the set  of all isomorphism classes of ﬁnite simple groups G
satisfying (1) is ﬁnite.
Furthermore, for each p ∈ πH2 − 1 not dividing HE the ﬁnite set  of
compatible pairs VW  of faithful multiplicity-free p-modular representations
V of H and faithful p-modular representations W of E can be determined by
the complex character tables of H and E.
Proof. Suppose that (1) holds. Then Proposition 2.1 asserts that the
natural map η˜ D˜ −→ GLd2 with image η˜D˜ ∼= D˜/C˜ ∼= D/C ∼=  ≤
GLd2 has an extension ηˆ bN˜ −→ GLd2 with image ηˆN˜ =  > 
satisfying conditions (a1) and (a2). It also asserts that
1−−−−→ C˜ id−−−−→ N˜ ηˆ−−−−→−−−−→ 1id id id
1−−−−→ C˜ id−−−−→ D˜ η˜−−−−→ −−−−→ 1
is a commutative diagram. Since the center ZC˜ ∼= ZC is a 2-group by
hypothesis (ii), Lemma 2.2 asserts that
1 −→ C˜ −→ N˜ η˜−→  −→ 1
is the unique admissible extensions of 1 −→ C˜ −→ D˜ η˜−→  −→ 1 (up to
isomorphism). Hence (a3) also holds, where E ∼= N˜ .
Certainly  = ηN˜ is maximal with respect to satisfying (a1), (a2), and
(a3), because A is a characteristic subgroup of C˜ = CHA and therefore
normal in each extensions group E˜. Thus E ≤ N˜ = NGA, and E˜/C˜ ≤
ηN = .
From now on we keep the notation of statement (2)(a). Since (2)(a)
holds, the subgroup  of GLd2 determines uniquely a free product H ∗D
E of the ﬁnite group H and E with amalgamated subgroup D. Since G =
H˜ N˜ it follows from (1) that the irreducible p-modular representationM
is an irreducible p-modular representation of H ∗D E with multiplicity-free
restriction MH .
Let F be a ﬁnite ﬁeld of characteristic p such that F is a splitting ﬁeld
for H and E. Now by applying Proposition 3.2 to the simple FH ∗D E-
module M , it follows that M determines uniquely a compatible pair VW 
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consisting of a faithful multiplicity-free FH-module V and a faithful FE-
module W with the properties stated in (2) (b1), where n = dimFM . The
assertion (2)(b2) now follows from Proposition 3.2(b), and the isomor-
phisms
N˜ ∼= E ∼= T−1ET
In order to prove the converse we assume that the conditions (2)(a) and
(b) are satisﬁed by the groups H, A, C, D,  ∼= D/C, and  ≤ GLd2 and
the extension group E.
Let H ∗D E be the uniquely determined free product of the ﬁnite groups
H and E with amalgamated subgroup D. Let VW  be the compatible pair
of a faithful multiplicity-free FH-module V and a faithful FE-module W
of dimension
m = dimFV = dimFW
Then VW  and the double coset representative T described in (2)(b2)
determine a unique isomorphism class of FH ∗D E-modules M by
Proposition 3.2.
Now let n be the smallest integer m satisfying conditions (b1) and (b2).
It exists because V is multiplicity free and semisimple. Then by Proposi-
tion 3.5 there is an irreducible n-dimensional FH ∗F E-module M having
a multiplicity-free restriction MH .
Let κMH ∗D E ≤ GLnF be the image of the p-modular representa-
tion κM of H ∗D E afforded by M . Then another application of Proposi-
tion 3.2(b) yields
κMH ∗D E = HT−1ET  ≤ GLnF
As G ∼= HT−1ET  by (2)(b2) it follows that G ∼= κMH ∗D E, and M is
an irreducible FG-module, with multiplicity-free restriction MH˜ .
Since A is a characteristic subgroup of C E it follows that A is normal
in E. Hence there is a subgroup E1 in G isomorphic to E such that E1 ≤
NGA = N˜ and  ∼= E1/C˜ ≤ N˜/C˜. Now the maximality of  ∼= E/C
implies that N˜ ∼= T−1ET .
The last assertion of Theorem 3.7 follows from Proposition 3.5.
Remark 3.8. The bound H2 − 1 for the primes p occurring in the state-
ments of Theorem 3.7 is vast. If G is a ﬁnite simple group which is not
isomorphic to PSL2p, and if the prime p occurs in G only to the ﬁrst
power, then there is a much better bound. Let d be the minimal degree of
all irreducible p-modular characters ϕ of G. Then
d ≥ 3
4
p− 1
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by Theorem 3.3 of Feit [6, p. 347]. Hence, if ϕ is of degree ϕ1 = d and
ϕH is multiplicity free, then
p ≤ 4
3
d + 1 ≤ 4
3
H + 1
However, there are some ﬁnite simple groups G like U319 of order
U319 = 25325273193 where Feit’s theorem cannot be applied.
4. FROM MATRIX GROUPS TO PERMUTATION GROUPS
AND CHARACTER TABLES
Theorem 3.7 reduces the classiﬁcation problem of all ﬁnite simple groups
G having a 2-central involution t = 1 with centralizer CGt ∼= H, where H
is any ﬁnite group of even order satisfying the hypothesis and condition (1)
to the recognition of a ﬁnite set of ﬁnitely generated subgroups
G ∼= HT−1ET  of GLnF
where F is a ﬁnite splitting ﬁeld for H and E of characteristic p > 0 not
dividing HE.
In order to solve this recognition problem we employ the algorithms of
computational group theory described in this section. In particular, it can
be decided whether a matrix group G ≤ GLnF is simple or not. In the
second case matrix generators of non-trivial normal subgroups N of G can
be read off from the concrete character table of G.
The following theorem is due to Cooperman et al. [4] and Weller [24].
It yields an algorithm which can be used to transform a given ﬁnitely gen-
erated matrix group G ≤ GLnF into a permutation group πG ≤ Sm;
see [4] and [24], where Sm denotes the symmetric group on m letters.
Theorem 4.1. Let K be a ﬁnite ﬁeld of characteristic p > 0. Let U be a
subgroup of a ﬁnite group G, and let V be a simple KG-module such that its
restriction VU contains a proper non-zero KU-submodule W . Then there is an
algorithm to construct:
(a) the stabilizer Û = StabGW  = g ∈ GWg = W ≤ V ,
(b) a full set of double coset representatives xi 1 ≤ i ≤ k, of Û in G,
i.e., G = ⋃ki=1ÛxiÛ ,
(c) a base β1 β2     βj and strong generating set gs1 ≤ s ≤ q of
G with respect to the action of G on the cosets of Uˆ , which coincides with the
given operation of G on the KU-submodule W of V .
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In order to compute the precise order of the group G of Theorem 4.1,
one has to be able to decide whether the subgroup U of G equals the
stabilizer Û . This is done by the following algorithm due to C. Sims
(unpublished) and Gollan [8].
Proposition 4.2 (Double coset trick). Let G be a ﬁnite transitive per-
mutation group on ? = 1 2     n. Let x ∈ G and let U be a subgroup
of G such that G = Ux, where U ≤ stabGβ for some ﬁxed β ∈ ?.
Let βG = ⋃si=1γiU , γi = βri for ri ∈ G. Let K = U ∩ Ux−1 and for each
i ∈ 1 2    s choose δij ∈ γiU such that
γiU =
si⋃
j=1
δijK
Suppose that the following two conditions are satisﬁed:
(a) stabUγir
−1
i ≤ U for all 1 ≤ i ≤ s.
(b) If δij = γ
kij
i with kij ∈ K, then rikijx ∈
⋃s
i=1UriU for all 1 ≤
i ≤ s and 1 ≤ j ≤ si.
Then the stabilizer stabGβ = U .
Suppose a double coset decomposition
G =
d⋃
k=1
UxkU
of the ﬁnite group G with respect to the given subgroup U has been com-
puted by means of Theorem 4.1, and it has been veriﬁed by Proposition 4.2
that U equals the stabilizer Uˆ of the permutation representation
π G −→ Sm
of G. Then one can compute the intersection matrix
Dk = dkij of each double coset UxkU for k = 1 2     d
where intersection numbers dkij are deﬁned by
dkij = U −1Ux−1i Uxj ∩UxkU 
In particular, each intersection matrix Dk belongs to the ring Matd of
all d × d-matrices over the ring  of integers and therefore to Matd,
where  denotes the ﬁeld of complex numbers.
The d-dimensional -algebra
 = Dk  1 ≤ k ≤ d ≤ Matd
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is called the intersection algebra of the permutation representation 1UG of
the ﬁnite group G with respect to its subgroup U .
It is well known that  is isomorphic to the endomorphism ring
EndG1UG of the permutation module 1UG; see [1]. Therefore it has
been used by the author [20] to determine the multiplicity-free irreducible
constituents χ ∈ IrrG occurring in the permutation character of 1UG.
For that purpose he has proved the following result.
Theorem 4.3. Let G = ⋃dk=1UxkU , x1 = 1, be a double coset decom-
position of the ﬁnite group G with respect to its subgroup U . Let Dk be
the intersection matrix of UxkU , and let 	 = Dk1 ≤ k ≤ d ≤ Matd
be the intersection algebra of the permutation representation 1UG. Let I =
2 3     d, J = i j ∈ I × Ii < j, P = 1 2     d, and

 = ⋂
ij∈J
{ ⋂
kh∈P2
ann	Dik Djh
}

Then the following assertions hold:
(a) 
 is a commutative semisimple two-sided ideal of the intersection
algebra 	.
(b)
	 = 
⊕ ann	

and ann	
 is a two-sided ideal of 	 such that 	/ann	
 ∼= 
.
(c) The primitive orthogonal idempotents ft = 0 of 
 are the centrally
primitive linear idempotents eχ of 	.
(d) Each centrally primitive linear idempotent eχ of 	 is a common
eigenvector of the d intersection matrices Dk, 1 ≤ k ≤ d; i.e.,
eχDk = eχck for some eigenvalue ck ∈  of Dk
The sequence c1 c2     cd of complex numbers is uniquely determined by
the centrally primitive linear idempotent eχ.
(e) 0 = e1 = G  U −1
∑d
k=1Dk ∈ 
 is the centrally primitive lin-
ear idempotent corresponding to the irreducible constituent 1G of 1UG, and
Dke1 = tke1 with tk = U  U ∩Uxk  for all k = 1 2     d.
(f) If 
1 = 
1− e1 = 0, there is an algorithm to compute the prim-
itive orthogonal idempotents ft = 0 of 
, where 1 ≤ t ≤ s = dim
, 
 =⊕s
t=1 ft and f1 = e1.
In order to compute the character values χx of the multiplicity-
free irreducible constituents χ ∈ Irr G of the permutation character
construction of ﬁnite simple groups 685
1UG at each conjugacy class K = xG one has to ﬁnd a ﬁxed represen-
tative x of K, which as a matrix x ∈ GLnF can be written as a well
determined word ωxg1 g2     gm in the m generators gj ∈ GLnF of
the given matrix group G ≤ GLnF. For that purpose Kratzer has written
an efﬁcient algorithm in [14]. It also uses the base and strong generat-
ing set determined by the algorithm of Theorem 4.1 of the corresponding
permutation representation πG of the matrix group G. The resulting
character table of G is called a concrete character table of G, because each
conjugacy class of G has a concrete matrix representative.
With these ﬁxed matrix representatives x of the conjugacy classes K = xG
of the matrix group G it is then easy to calculate a substantial part of the
concrete character table by means of the author’s character formula [20]
described in the following.
Theorem 4.4. Let U be a subgroup of the ﬁnite group G with index G 
U  = n and right transversal T = gr ∈ G1 ≤ r ≤ n. Let G =
⋃d
k=1UxkU
be a double coset decomposition of G with respect to U such that x1 = 1 = g1.
Let K = xG be any conjugacy class of G.
Then for each multiplicity-free irreducible constituent χ of the permutation
character 1UG there is a uniquely determined centrally primitive linear idem-
potent eχ in the intersection algebra 	 = Dk1 ≤ k ≤ d and eigenvalues
ck of the intersection matrices Dk with eχDk = eχck such that the character
values χx are given by the following formulas:
(a) χ1 = G  U ∑dk=1 U  U ∩Uxk −1ckc¯k−1.
(b) χx = χ1G
∑d
k=1 ckU ∩Uxk gr ∈ T grxg−1r ∈ UxkU
With the notation of Theorem 4.4 we state
Deﬁnition 4.5. The integral d-tuple
Mx = mk = gr ∈ T  grxg−1r ∈ UxkU 
with 1 ≤ k ≤ d and 1 ≤ r ≤ n = G  M is called the Gollan–Ostermann
vector of the conjugacy class K = xG of G.
This vector Mx is independent of the chosen representative x of K =
xG as has been proved in [20] by the author using the main result of Gollan
and Ostermann [9]. In [14] Kratzer gave an efﬁcient implementation of
an algorithm constructing the Gollan–Ostermann vector Mx. It uses the
double coset decomposition of 1UG described in Theorem 4.1.
Algorithm 4.6. Let z = 1 be a ﬁxed involution of the center ZH of
the ﬁnite group H which is assumed to be isomorphic to the centralizer
CGt of a 2-central involution t of some ﬁnite group G. Let S be a ﬁxed
Sylow 2-subgroup of H. Then z ∈ ZS.
686 gerhard o. michler
Step 1. Determine the set  of all elementary abelian normal sub-
groups A of S of maximal order A ≥ 4 such that
(a) D = DA = NHA < H, and
(b) the center ZC of C = CA = CHA is a 2-group.
For each A ∈  of order A = 2d do the following steps:
Step 2. With respect to a ﬁxed basis a1 = z a2     ad of the vector
space A over GF2 the conjugate action of D on A induces a group
homomorphism
η D→ GLd2 with kernel C = CHA
and image ηD =  ≤ GLd2.
Determine the setA of all subgroups  ofGLd2 which are maximal
with respect to satisfying the following 3 conditions:
(a)  = ϕ ∈   zϕ = z ∈ A < .
(b)    is odd.
(c) One can construct a group extension
1 −→ C κ−→ E λ−→  −→ 1
and an embedding µ D −→ E such that the diagram
1−−−−→C κ−−−−→E
λ−−−−→−−−−→ 1id µ id
1−−−−→C id−−−−→ D η−−−−→ −−−−→ 1
commutes.
By Theorem 2.3 the group E is uniquely determined by  and the
embedding µ D −→ E for each  ∈ A.
For each  ∈ A do the following steps:
Step 3. (a) Compute a faithful permutation representation πH
and πE of each of the groups H and E, respectively. Identify H
and E with their isomorphic permutation groups πH and πE,
respectively.
(b) Compute the character tables of the groups D, H, and E and
the fusion patterns of the conjugacy classes of D in H and µD in E,
respectively. Using µ the groups D and µD are identiﬁed. Thus D =
H ∩ E, say.
(c) Using Kratzer’s algorithm [14] calculate the ﬁnite set
! = νω ∈ mf charH × f charE  νD = ωD
where mf charH denotes the set of all multiplicity-free faithful charac-
ters of H, and f charE denotes the set of all faithful characters of E.
! is ﬁnite by Proposition 3.5.
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Step 4. Let νω ∈ ! be a compatible pair of faithful characters of H
and E of minimal degree n (not yet dealt with). Let p > 0 be a prime not
dividing HE which is smaller than H2 − 1 and which is minimal among
the primes p not yet dealt with. Let F be a ﬁnite ﬁeld of characteristic p > 0
which is a splitting ﬁeld for H and E. Then do the following steps:
(a) Construct the faithful multiplicity-free semisimple FH-module V
corresponding to ν and the faithful FE-module W corresponding to ω.
(b) Identify H and E with their isomorphic images in GLnF under
their representations afforded by V and W , respectively. Then determine a
double coset decomposition
CGLnFD =
s⋃
i=1
CGLnFHTiCGLnFE
of the centralizer CGLnFD of D in GLnF. For each double coset rep-
resentative Ti, let Gi = HT−1i ETi, 1 ≤ i ≤ s. Then CGiz ≥ H for
all i.
(c) For each i ∈ 1 2    s compute the orders of some suitable ele-
ments of Gi and use this information to check whether a Sylow 2-subgroup
of Gi may be isomorphic to S.
Now let G = HT−1ET be any of the groups Gi having fulﬁlled
the Sylow 2-group test of Step 4(c). Then by Lemma 3.3 the canonical
n-dimensional vector space M = Fn is an irreducible FG-module with
multiplicity-free restriction MH ∼= V . Since MH has a proper non-zero
submodule U the Cooperman et al. algorithm [4] described in Theorem 4.1
can be applied.
Step 5. Construct a permutation representation π G −→ Sm into
the symmetric group on m letters with stabilizer H˜ ≥ H and a strong base
and generating set for πG.
Step 6. Apply the double coset trick described in Proposition 4.2 and
check that the stabilizer H˜ = H. If so, then G = Hm. In particular,
G has a 2-central involution t with CGt ∼= H.
Step 7. Using the strong base and generating set of G and Kratzer’s
algorithm [14] compute a complete set of matrix representatives of all the
conjugacy classes of G.
Step 8. Compute a concrete character table of G by means of the
algorithms described in Theorems 4.3 and 4.4, Frobenius reciprocity with
respect to the character tables of H and E, and the LLL algorithm [18].
In particular, it can be decided whether G is simple. If not, then the con-
crete character table of G provides matrix generators of a proper normal
subgroup of G.
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Remark 4.7. If Step 5 turns out to be expensive for the computer con-
struction of a permutation representation of G one replaces it by con-
structing 1UG if U = T−1ET has larger order than H. The following
Steps 6 to 8 can then be adjusted accordingly. The ﬁnal statement of
Step 6 of Algorithm 4.6 follows from the character table of G because
CGz ≥ H by Step 4 (b).
This section is concluded by showing that different steps of Algorithm 4.6
may lead to pairs of nonisomorphic simple groups G1 and G2 with 2-central
involutions t1 and t2, respectively, such that CG1t1 ∼= H ∼= CG2t2.
Example 4.8. Algorithm 4.6 has been used by Kratzer [16] to construct
the two nonisomorphic sporadic simple groups J2 and J3 of Janko [13] from
the same group H = 21+4  A5 inside GL1411 and PGL1831, respec-
tively. Furthermore concrete character tables have been computed for both
groups.
It turns out that a Sylow 2-subgroup S of H has a unique maximal ele-
mentary abelian normal subgroup A of order A = 4, C = CHA ∼=
22+4  3, and D = NHA = C  2. Therefore  ∼= GL22 ∼= S3, and
there is a unique admissible extension 1 → C → E →  → 1 of 1 →
C → D →  → 1. However, there are two compatible pairs ν1ω1,
ν1ω2 ∈ mf charH × f charE of degrees 14, and 18, respectively.
Applying Steps 4 to 8 to both compatible pairs Kratzer [14] obtains two
ﬁnite groups G2 ∼= J2, and G2 ∼= 3J3.
This interesting example shows that Algorithm 4.6 can also be used to
provide existence proofs of covering groups G of ﬁnite simple groups G¯ =
G/ZG, where the central subgroup ZG is of odd order, and the local
subgroups H and E of G split over ZG.
Example 4.9. It is well known that the alternating group A12 has a 2-
central involution t with centralizer H = 26  S5; see [3, p. 91]. Let S be
a ﬁxed Sylow 2-subgroup of H. Then S has a maximal elementary abelian
normal subgroupA of order A = 26 with C = CHA = A and normalizer
D = NHA = C  S4.
Let  >  ∼= S4 be any subgroup of GL62 described in Step 2 of
Algorithm 4.6. As    is odd, each of these groups  has a dihedral
Sylow 2-subgroup T of order 8. Let O be the largest normal subgroup
of  of odd order. Then by the Gorenstein–Walter theorem ([11, p. 425])
we know that /O contains a normal subgroup U ∼= PSL2q for some
odd prime power q with odd index. Since
GL62 = 215 · 34 · 5 · 72 · 31
it follows that  ∈ 33  S4 PSL27, because S4 ∼= PGL23.
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In the ﬁrst case Step 3 of Algorithm 4.6 provides a compatible pair
νω ∈ mf charH × f charE1 of degree 11, where E1 = A  33  S4.
It is used to show that the amalgamated free product H ∗D1 E1 has an
11-dimensional irreducible representation κ over GF(7) such that κH ∗D1
E1 ∼= A12.
In the second case Algorithm 4.6 provides a compatible pair νω ∈
mf charH × f charE2 of degree 7, where E2 = A  PSL27. Now
we obtain an irreducible representation κ H ∗D2 E2 → GL77 such that
κH ∗D2 E2 ∼= Sp62.
5. A UNIFORM CONSTRUCTION METHOD FOR
25 SPORADIC GROUPS
Since the smallest Mathieu group M11 has a semidihedral Sylow 2-
subgroup S, one cannot ﬁnd an elementary abelian normal subgroup A of
S of order A ≥ 4. Therefore the Mathieu group M11 is not dealt with in
this section. Theorem 21.8 of Passman [21, p. 290] gives a short existence
proof of M11.
The following tables show that the group theoretical hypothesis of
Theorem 3.7 and its condition (1) are satisﬁed by all other 25 sporadic
groups. Therefore we have found a uniform construction method for the
remaining 25 sporadic groups. Furthermore, the algorithms mentioned in
Section 4 are so efﬁcient that their implementations by Kratzer [14] and
Weller [24] allow computer constructions of all the large sporadic simple
groups except for the Monster. Essentially all the steps of Algorithm 4.6
were applied by Weller [24] and Cooperman et.al. [5] to give a new exis-
tence proof of Janko’s large sporadic group J4. In [8] Gollan constructed
Lyons simple group Ly in a similar way. In [14] Kratzer gave an exis-
tence proof for the Rudvalis group Ru by means of Algorithm 4.6. These
results and the results of [15, 16] show that all the steps of Algorithm 4.6
can be performed for all the ﬁnite sporadic groups not contained in the
Monster: J1, J3, Ly, ON , Ru, and J4. This work of the author and his col-
laborators is in progress. The case of ON requires a slight generalization
of Deﬁnition 3.1.
In Table I the structure of the centralizer H = CGt of a 2-central invo-
lutions t of each of these 25 ﬁnite simple groups is given. The description
of the structure of the centralizer H = CGt is taken from the Atlas [3].
Furthermore, a prime p > 0 and the dimension n of a simple p-modular
representation M over a ﬁnite ﬁeld F of G is given whose multiplicity-
free restriction MH decomposes into a direct sum M1 ⊕M2 of a faithful
FH-module M2 = 0 and an unfaithful FH-module M1 = 0. Therefore the
degrees of the irreducible constituents of M2 are printed in boldface.
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TABLE I
The Centralizers of 2-Central Involutions of 25 Sporadic Groups
G H = CGt p dimFM MH =M1 ⊕M2
M12 21+4 · S3 5 11 1⊕ 31 ⊕ 32 ⊕ 4
M22 24  S4 7 21 1⊕ 11 ⊕ 2⊕ 3⊕ 6 ⊕ 8
M23 24  L32 11 22 1⊕ 6⊕ 7 ⊕ 8
M24 21+6  L32 11 23 1⊕ 71 ⊕ 72 ⊕ 8
J1 2 ×A5 11 7 3⊕ 4
J2 21+4  A5 11 14 1⊕ 5 ⊕ 8
J3 21+4  A5 17 85 5⊕ 51 ⊕ 52 ⊕ 10⊕ 20
⊕16⊕ 24
J4 21+12 · 3M22  2 13 1333 693⊕ 640
HS 4 ∗ 24  S5 7 22 4⊕ 10 ⊕ 8
McL 2ˆA8 11 22 14⊕ 8
Suz 21+6 ·U42 11 143 1⊕ 15⊕ 27⊕ 36
⊕321 ⊕ 322
Ru 224+6  S5 11 378 6⊕ 60⊕ 120 ⊕ 192
He 21+6  L32 11 51 6⊕ 21 ⊕ 24
Ly 2ˆA11 31 2480 1232⊕ 16⊕ 1232
3ON 1ˆ22L34  2 7 45 6⊕ 15 ⊕ 24
Co1 21+8 ·O+8 2 13 276 28⊕ 120 ⊕ 128
Co2 21+8  Sp62 23 23 7⊕ 16
Co3 2ˆSp62 11 23 15⊕ 8
Fi22 2 × 21+8  U42  2 13 78 6⊕ 40 ⊕ 32
Fi23 2ˆFi22 13 782 1⊕ 429 ⊕ 352
Fi24′ 21+12 · 3U432 13 8 671 35⊕ 2016⊕ 2268
⊕768⊕ 3584
HN 21+8 · A5 ×A5 · 2 11 133 9⊕ 60 ⊕ 64
Th 21+8 ·A9 13 248 120⊕ 128
B 21+22Co2 13 4371 23⊕ 2300 ⊕ 2 048
M 21+24 · Co1 19 196883 299⊕ 98280⊕
98304
For many sporadic simple groups the irreducible representations M
with multiplicity-free restrictions MH mentioned in Table I are p-modular
restrictions of irreducible ordinary characters χ of G which can be found
in the Atlas [3] as well. Their restrictions χH to H are decomposed by
means of Frobenius reciprocity and the character tables of H. The fusion
of the conjugacy classes of H in G is given in GAP [22] for almost all
local subgroups H. In [25] Weller recently computed the concrete charac-
ter table of the centralizer H ∼= 21+12 · 3U43  2 of the relevant 2-central
involution of the Fischer group Fi24′ by means of the results of [7]. Also
in this case it follows that the restriction of the irreducible character of
degree 8671 of Fi24′ to H is multiplicity free.
Except for the simple O’Nan group ON the odd primes p > 0 occurring
in the third column of Table I satisfy the condition that p  HN. By
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Hiss and Lux [10, p. 195] for all primes p ≥ 5 the smallest degree of an
irreducible p-modular representation of ON is 1869. It occurs for p = 31.
Its modular character ψ can be computed by means of the Brauer tree given
in [10, p. 195]. Lempken [17] used GAP [22] to check that its restriction to
H = 4ˆ2L34  2 is not multiplicity free. Therefore he gave a new existence
proof for the 3-fold cover 3ON of the simple O’Nan group in [17].
In Table II the order of a maximal elementary abelian normal subgroup
A of a ﬁxed Sylow 2-subgroup S of H and the structure of the normalizers
NGA and D = NHA are given in Atlas [3] notation.
For the notation of Table III the reader is referred to Deﬁnition 1.1
and Theorem 3.7. All its group theoretical information follows easily from
Proposition 2.1 and the contents of Tables I and II.
TABLE II
Normalizers of a Elementary Abelian 2-Groups A ∈ 
G A N = NGA D = H ∩N
M12 22 42  D12 42  4 = 21+4  2
M22 24 24  S5 24  D8
M23 24 24  3×A5  2 24  S4
M24 26 26  3ˆS6 26  S4 × 2
J1 23 23  7  3 2 ×A4
J2 22 22+4  S3 × 3 22+4  2 × 3
J3 22 22+4  S3 × 3 22+4  2 × 3
J4 211 211 M24 211  26  3ˆS6 = 21+12 · 24  3ˆS6
HS 24 24S6 24 · S4 × 2
McL 24 24  A7 24  L32
Suz 24 24+6  3ˆA6 24+6  3  S4
Ru 23 23+8  L32 23+8  S4
He 26 26  3ˆS6 26  S4 × 2
Ly 22 3× 22+4S3 × S3 22+4  S3 × 2
3ON 23 3× 43 · L32 3× 43 · S4
Co1 211 211 M24 211  24  A8 = 21+8  26  A8
Co2 210 210  M22  2 210  24  S6 = 21+825  S6
Co3 24 24A8 2423  L32 = 21+6 · L32
Fi22 210 210 M22 210  24  S5
= 2 × 21+8  24  A5  2
Fi23 211 211M23 211M22
Fi24′ 211 211M24 211 · 26  3ˆS6 = 21+1224  3ˆS6
HN 23 23 · 22 · 26 · 3× L32 23 · 22 · 26 · 3× S4
Th 25 25 · L52 25 · 24  A8 = 21+8A8
B 29 29+16Sp82 29+1627  Sp62
= 21+22 · 21+8  Sp62
M 210 210+16O+102 210+1628  O+8 2
= 21+2421+8 ·O+8 2
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TABLE III
Admissible Extensions Leading to 25 Sporadic Groups
G A C = CHA ZC = B ηD =   ≤ GLd2 C
κ→ E λ→ 
M12 22 42  2 A 2 S3 Nonsplit
M22 24 A A D8 S5 Split
M23 24 A A S4 3×A5  2 Split
M24 26 A A S4 × 2 3ˆS6 Split
J1 23 A A 3 7  3 Split
J2 22 22+4  3 A 2 S3 Split
J3 22 22+4  3 A 2 S3 Split
J4 211 A A 26  3ˆS6 M24 Split
HS 24 A A S4 × 2 S6 Nonsplit
McL 24 A A L32 A7 Split
Suz 24 24+6  3 A S4 A6 Split
Ru 23 23+8 A S4 L32 Split
He 26 A A S4 × 2 3ˆS6 Split
Ly 22 3× 22+4  S3 A 2 S3 Nonsplit
ON 23 43 C S4 L32 Nonsplit
Co1 211 A A 24  A8 M24 Split
Co2 210 A A 24  S6 M22  2 Split
Co3 24 A A 23  L32 A8 Nonsplit
Fi22 210 A A 24  S5 M22 Split
Fi23 211 A A M22 M23 Nonsplit
Fi24′ 211 A A 26  3ˆS6 M24 Nonsplit
HN 23 23 · 22 · 26  3 A S4 L32 Nonsplit
Th 25 A A 24  A8 L52 Nonsplit
B 29 29+16 A 27  Sp62 Sp82 Nonsplit
M 210 210+16 A 28  O+8 2 O+102 Nonsplit
In particular, it follows that all group theoretical hypothesis of
Theorem 3.7 and its condition (2) are satisﬁed by all the 25 sporadic
groups listed here. This program will be pursued by the author and his
collaborators elsewhere.
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